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Exercise 3

Consider uy = c?uy, for 0 < z < I, with the boundary conditions u(0,t) = 0, u,(l,t) = 0 and the
initial conditions u(x,0) = z, u(z,0) = 0. Find the solution explicitly in series form.

Solution

The PDE and its boundary conditions are linear and homogeneous, so the method of separation
of variables can be applied. Assume a product solution of the form wu(z,t) = X (x)T(t) and plug it
into the PDE

Upp = CQUm; -  XT'"=3X"T

and the boundary conditions.

u(0,t) =0 — X0)T(t)=0 — X(0)=0
ug(l,t) =0 — X' ()T(t) =0 — X'(1)

Now separate variables in the PDE: bring all functions of ¢ and constants to the left side and all
functions of x to the right side. The final answer would be the same if ¢ were brought to the
right side.

T// X//

AT X
The only way a function of ¢ on the left can be equal to a function of x on the right is if both
sides are equal to a constant .

T// X//

T~ X
Values of A for which X (0) = 0 and X'(I) = 0 are satisfied are called the eigenvalues, and the
nontrivial functions X (z) associated with them are called the eigenfunctions.

A

Determination of Positive Eigenvalues: \ = 2

Assuming A is positive, the differential equation for X becomes

X//

X"
Multiply both sides by X.

X// _ NQX

The general solution can be written in terms of hyperbolic sine and hyperbolic cosine.
X (x) = Cq cosh px 4+ Cy sinh px
Now use the boundary conditions to determine C and Cs.

X(0)=Cp =0
X'(1) = p(Cy sinh pl 4+ Co cosh pl) = 0

The second equation simplifies to Cop cosh pl = 0, which can only be satisfied if Co = 0. Only the
trivial solution X (z) = 0 results from considering positive values for A, so there are no positive
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eigenvalues.

Determination of the Zero Eigenvalue: A =0

Assuming A is zero, the differential equation for X becomes

X/l

— =0.

X
Multiply both sides by X.

X"=0

The general solution is a linear function.
X(x) =Cszx+ Cy
Now use the boundary conditions to determine C'5 and Cjy.

X(0)=Cy=0
X'()=C3=0

Only the trivial solution X (z) = 0 is obtained, so zero is not an eigenvalue.

Determination of Negative Eigenvalues: A\ = —v?

Assuming ) is negative, the differential equation for X becomes

X//

X~
Multiply both sides by X.

X" — _'YQX

The general solution can be written in terms of sine and cosine.
X(x) = Cscosyz + Cgsinyx
Apply the boundary conditions here to determine C5 and Cj.
X(0)=C5;=0
X'(1) = v(—=Cssinyl + Cg cosyl) =0

The second equation reduces to
Cgycosvyl = 0.

In order to avoid getting the trivial solution, we insist that Cg # 0. The equation for «y is then

ycosyl =0

1
7[:§(2n—1)7r — %:1(211—1), n=12....

2l
The eigenfunctions associated with these eigenvalues are

™

X(x) =Cgsinyr — Xn(x)zsin[—(Qn—1)$], n=12....

21
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The ODE for T'(¢) will now be solved.

T// 9
er - 7
Multiply both sides by ¢2T.
T// — c? ’YQT
The general solution can be written in terms of sine and cosine.
T(t) = Crcoscyt + Cgsineyt —  T,(t) = Cycos [%(Zn = 1)ct] + Cgsin [%(271 - 1)04

According to the principle of linear superposition, the solution to the PDE for u(z,t) is a linear
combination of all products T,,(t) X, (x) over all the eigenvalues.

o0
7T . ™ . ™
u(z,t) = nz:: {An cos [ﬂ@n — 1)ct} + By, sin [5(271 = 1)ct] } sin [Z(Qn - 1)1:]
Now we will use the initial conditions to determine the coefficients, A,, and B,,. u;(x,0) = 0 will
be used first since it is homogeneous. Take a derivative of the solution with respect to t.

u(z,t) = ngl {—%(271 —1)cA,, sin [%(Zn - 1)ct] + %(27@ — 1)eBy, cos [%(Qn - 1)015} } sin [%(271 - 1):6}
Setting t = 0 and using the initial condition,
7 0
=Y 2 @n—1)eBysin | 520~ 1)a| =0,
u(x,0) 21( n — 1)cBy, sin 21( n—1)z =0

n=1

we find that B, = 0. As a result, the general solution reduces to

> 7 7r

u(x,t) = Z Ay, cos [2—1(271 - l)ct} sin [2—1(271 - l)x} :

n=1

Set ¢t = 0 and use the other initial condition now.
oo
T
0) =" A, si {72_1 }:
u(z,0) nz:l n Sin 2l(n x| ==

To determine A,,, multiply both sides by sin~,,z, where m is an integer. For now we assume that
n # m.
T

21(2m - 1)3}}

ZA” sin [1(271 - 1);10} sin [E(Qm - 1)3:] = zsin [
— 21 21
Integrate both sides with respect to x over the domain the PDE is defined.
I > !
/ Z A, sin [E(Qn — 1)3:} sin {1(2m - 1)3;} dx = / x sin {Z(Qm - 1)4 dx
0 = 2l 2l 0 21

Bring the constants in front of the integral on the left side and use integration by parts on the
right side.

G
v=u dw = sin {Z(Qm - 1)30] dx
21 s
dv =dx w= “a@m 1) cos {5(27% - 1)x]
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Use the formula [ vdw = vw — [wdv.

ZA / sin [ (2n — 1)4 sin {%(2m - 1)4 dx

21 [
= ——— _7xcos

T2m — 1) 2m — 1)z }

2l(

~~

=0
Use the product-to-sum formula,
. . 1
sinasinb = §[cos(a —b) — cos(a + b)],

on the left side.
ZA / {cos [2l(2n — 1)z — j(2m -1) ] — cos [2l(2n — 1l + 2l(2m - 1)z }}dx

! T
= 71_(2”21[_ 0 /0 cos [QZ (2m—1)x } dx

Bring the factor of 1/2 in front of the integral, simplify the cosines’ arguments, and split up the
integral into two on the left side. Evaluate the integral on the right side.

o0 l _ l _
Z An / oS (n = m)rz dz — / cos (ntm=rz dz
2 o l 0 l

n=1

21 2l !

- r2m—1) w(2m—1)

om — 1)z }

sin [QZ( )

Evaluate the two integrals on the left side.

OoAn[ l _ (n=m)rz| l ) (n—l—m—l)ﬂ:pl}
Z —= sin - sin
= 2 (n—m)m l o (n4+m-—1) l 0
=0 =0
412 L[
- w2 (2m — 1)2 S [5(2771 B 1)}

We find that every term in the infinite series is zero if n # m as a result of the integral. The
n = m term is all that remains on the left side.

A, /sm (2n — 1)z }dmzﬂa(;:f_lysin{g@n—l)}

2

Write the integrand in terms of cosine with the double angle formula sin“a = 1 — cos 2a. The sine

on the right side can be written as (—1)"T1,

A, /Ol % {1 — cos [%(271 — 1)x] } dr = 7r2(;il2—1)2(_1)n+1
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Multiply both sides by 2 and evaluate the last integral.

l m : 812
Apdae — ———sin [~ (2n — 1 — % Lyt
{x m(2n —1) S [l (2n )x]} o m(2n— 1)2( )
812
Ap-l= —1)ntt
w2 (2n — 1)2( )
Divide both sides by [ to solve for A,,.
81
A, = ——— (1)
w2 (2n — 1)2( )

Now that A,, and B,, have been determined, the solution to the PDE is known.

u(z,t) = iA” cos [%(2% — l)ct} sin [%(Qn - 1)30]
n=1

= 8l s s
=) ——— (1)t —(2n—1 in|—(2n—1
> g~ (" eos [0 — Der]sin |2 — 1)
Therefore,
8l = (—1)ntt T N
U(.’E,t) = ﬁ 2 m COSs [5(27@ — 1)Ct] Sin [5(271 — 1)£Ui| .
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